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,
. , , Osserman ( 2
Cohn-Vossen )
. , 3
, 1 (CMC-I )
, .
1
$R^{3}$ , $M$ $R^{3}$
$f:Marrow R^{3}$ . , $f$ $M$
$f$ 1 $\omega$ ,
(1.1) $f(z)=2{\rm Re}$ $\alpha$ , $\alpha:=\frac{1}{2}(1-g^{2}, \sqrt{-1}(1+g^{2}),$ $2g)\omega$
, (Weierstrass ). ,
$M$ $z_{0}$ $z\in M$ . ’
$g:Marrow C\cup\{\infty\}$ , $S^{2}$ $C\cup\{\infty\}$ ,
. (1.1) ,
,
$ds^{2}=(1+g\overline{g})^{2}\omega\varpi$ , $II=-Q-\overline{Q}$, $Q=\omega dg$
. 2 $Q$ . $K$
,
(1.2) $d \sigma^{2}:=(-K)ds^{2}=\frac{4dgd\overline{g}}{(1+g\overline{g})^{2}}$
, 2 1 1 24 26
“Total curvature of CMC-I surfaces in $H^{3}$”
$,\hslash\epsilon_{;}\mathrm{b}$ , Wayne Rossman ( ), ( )
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, \sim $C\mathrm{U}\{\infty\}$ ( 1 )
.
(1.3) $d\sigma^{2}\cdot ds^{2}=4Q\cdot\overline{Q}$
. (1.2) , (1.1) $f$
(1.4)
TA(f) $:= \int_{M}(-K)$ dA=g. $M$ $S^{2}$
. , dA $ds^{2}$ $M$
.
, (1.1) , , .
, ( Osserman [8] ) :
$M$ , $\overline{M}$ $\{p_{1}, \ldots,p_{n}\}$




$Q$ $\overline{M}$ 2 .
, (1.4) ,
(1.5) TA(f)=4\pi $\deg g\in 4\pi Z$
.
, 2 $(M, ds^{2})$
(1.6) $\frac{1}{2\pi}\int_{M}(-K)$ $dA\geq-\chi(M)$
(Cohn-Vossen ) , ,
, :
Ll (Osserman [8, Theorem 93]). $\overline{M}$ $\{p_{1}, \ldots,p_{n}\}$
$M$ $R^{3}$ $f:Marrow R^{3}$
$\frac{1}{2\pi}\mathrm{T}\mathrm{A}(f)=\frac{1}{2\pi}\int_{M}(-K)$ $dA\geq-\chi(M)+n=-\chi(\overline{M})+2n$
. , $\chi(\cdot)$ .
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. $1$ $2$ .
(1) Weierstrass (1.1) $\alpha$ , $ds^{2}=\langle\alpha,\overline{\alpha}\rangle$ . , $($ , $\rangle$
$R^{3}$ . , $\alpha$
$p_{j}$ , $\mathrm{o}\mathrm{r}\mathrm{d}_{p_{j}}\alpha\leq-1$ .
(2) , $\mathrm{o}\mathrm{r}\mathrm{d}_{p_{j}}\alpha=-1$ , $p_{j}$ $z$
$\alpha=[(a+\sqrt{-1}b)\frac{1}{(z-p_{j})}+\mathrm{c}+\ldots]dz$ $(a, b\in R^{3})$
, $\langle\alpha, \alpha\rangle=0$ , $|a|=|b|\neq 0,$ $\langle a, b\rangle=0$
, , ${\rm Re} \int\alpha$ $p_{j}$ 1 (
). , $f$ $M$ .
(1 2!) $\mathrm{o}\mathrm{r}\mathrm{d}_{p_{j}}\alpha\leq-2$ .
(3) , $\overline{M}$ ( ) $d\tau^{2}$ , $p$ $\mu$ ,
$d\tau^{2}$ $c|z-p_{j}|^{2\mu}dzd\overline{z}(c\neq 0)$ . $d\tau^{2}$
$p$ $\mathrm{o}\mathrm{r}\mathrm{d}_{p}d\tau^{2}=0$ .
, , $\mathrm{o}\mathrm{r}\mathrm{d}_{p_{j}}ds^{2}\leq-2$ . ,
(1.2) $\mathrm{o}\mathrm{r}\mathrm{d}_{p}d\sigma^{2}$ $g$ $p$ . ,
Riemann-Hurwicz (1.3)






. , $Q$ $\overline{M}$ 2
, $Q$ $-2\chi(\overline{M})$ .
, Osserman ( 1.1) , $\mathrm{o}\mathrm{r}\mathrm{d}_{p_{j}}ds^{2}$
$-2$ .
, :





[14] . , [6] appendix
.
L3. $R^{n}(n>3)$ ( $n-2$) ,
. 1.1






[5]. $G=\mathrm{S}\mathrm{L}(2, C)$ ,
$G/H=\mathrm{S}\mathrm{L}(2, C)/\mathrm{S}\mathrm{U}(2)=H^{3}$ , $H^{3}$ CMC-I






$4\pi$ , Osserman ,
. ,
. $4\pi$
( , , , Enneper
) , $8\pi$ F. Lopez[7] .
2 1
2.1
3 $H^{3}$ , 1 (CMC-I ) , $R^{3}$
. , Weierstrass.. $M$ -1 3 $H^{3}$
$f:Marrow H^{3}$ 1 , $M$ $\overline{M}$ $\mathrm{S}\mathrm{L}(2, C)$
$F:Marrow \mathrm{S}\mathrm{L}(2, C)$ ,
$f=FFarrow$, $F^{-1}dF=(\begin{array}{ll}g -g^{2}1 -g\end{array})\omega$
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. , $g$ $\overline{M}$ , $\omega$ $\overline{M}$ 1
. ,
$H^{3}=\mathrm{S}\mathrm{L}(2, C)/\mathrm{S}\mathrm{U}(2)=\{a^{l}\overline{a}|a\in \mathrm{S}\mathrm{L}(2, C)\}$
. $f$ , ,
$ds^{2}=(1+g\overline{g})^{2}\omega\overline{\omega}$ , $II=-Q-\overline{Q}+ds^{2}$ , $Q=\omega dg$
. $F$ $f$ , $g$ 2 , $Q$
.
, $f:Marrow H^{3}$ $K$ $K\leq 0$
,
TA(f) $:= \int_{M}(-K)dA\in[0, +\infty]$
. , dA $ds^{2}$ .
, $d\sigma^{2}:=(-K)ds^{2}$ 1 ,
$d \sigma^{2}:=(-K)ds^{2}=\frac{4dgd\overline{g}}{(1+g\overline{g})^{2}}$.
.
, $f(p)$ , ( )
, $H^{3}$ H3 $=C\cup\{\infty\}$ $G(p)$




$F$ CMC-I $f:Marrow H^{3}$ , $F$
CMC-I $f^{\#}:=(F^{-1})(^{\overline{t}}F^{-1}):Marrow H^{3}$ .
$f$ [19]. $f$ , 2 ,
$G,$ $g,$ $Q$ , $f\#$ , 2 ,
, $g,$ $G,$ $-Q$ . $f\#$ $M$
$\overline{M}$ , $ds^{2\#}=(1+G\overline{G})^{2}|Q/dG|^{2}$








$F(z)=(_{az}^{1}$ $01)$ : $Carrow \mathrm{S}\mathrm{L}(2, C)$ $(a\in C\backslash \{0\})$
CMC-I $f=FF:Carrowarrow H^{3}$ horosphere .
CMC-I , TA(f)=0 .
22(Enneper’s cousin [1]). $g=z,$ $\omega=adz(a\in C\backslash \{0\})$
CMC-I $f:Carrow H^{3}$ Enneper’s cousin . ,
Weierstrass (1.1) Enneper
. , $g$ 1 1 , 1
, TA(f) $=4\pi$ . , $G=a^{-1}\tanh z$
, $\infty$ , TA(f#)=\infty .
, $\infty$ , $4\pi$
.
23(Catenoid cousin [1]). $l$ , $l$ l $\delta$ ,
(2.1) $F=\sqrt{\frac{\delta^{2}-l^{2}}{\delta}}(_{\frac{}{l}z^{-(\delta+l)/2}}^{\frac{1}{l-\delta+\delta 1}z^{(\delta-l)/2}}$ $\frac{-l)\frac{\delta-l}{(\delta+4l}z}{4l}z^{(l-\delta)/2}(\delta+l)/2)$
, $f=FFarrow$ $C\backslash \{0\}$ $H^{3}$ CMC-I ,
$g= \frac{\delta^{2}-l^{2}}{4l}z^{l}$ , $Q= \frac{\delta^{2}-l^{2}}{4z^{2}}dz^{2}$ , $G=z^{\delta}$
. $\delta=1$ , catenoid cousin [1]
. , $\delta\geq 2$ , catenoid cousin $\delta$ .
, $l$ , $F,$ $g$ $M:=C\backslash \{0\}$ 1 ,
. , $G$ $M$ .
TA(f)=4\pi 1, TA(f#)=4\pi \mbox{\boldmath $\delta$} .
24(Warped catenoid cousin [15, 11, 12, 13]). $l$
, (2.1) $F$ ,
$F_{b}:=F(\begin{array}{ll}1 -b0 1\end{array})$ $(b>0)$
. , $f_{b}:=F_{b}F_{b}:arrow C\backslash \{0\}arrow H^{3}$ , 23 CMC-I
. ,
$g= \frac{\delta^{2}-l^{2}}{4l}z^{l}+b$ , $Q= \frac{\delta^{2}-l^{2}}{4z^{2}}dz^{2}$ , $G=z^{\delta}$
. warped catenoid cousin .
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2.2
, $f:Marrow H^{3}$ $M$ $H^{3}$ CMC-I ,
$ds^{2}$ . $f^{\#}$ $M$ $ds^{2\#}$
,
25([19, 21]). $ds^{2}$ $ds^{2\#}$
.
, $ds^{2}$ . , TA(f)<\infty TA(f#)<\infty ,
[1] :
$M$ , $\overline{M}$ $\{p_{1}, \ldots,p_{n}\}$
$(n\geq 1)$ . $p_{1},$ $\ldots,$ $p_{n}$
.
$Q$ $\overline{M}$ 2 .
, TA(f)<\infty $d\sigma^{2}=(-K)ds^{2}$ , $\overline{M}$
. , $p_{j}$ $d\sigma^{2}$ $|z-p_{j}|^{2\mu_{j}}dzd\overline{z}$
$(\mu j>-1)$ .
$\bullet$ $\mathrm{T}\mathrm{A}(\mathrm{f}^{\#})<\infty$ , $G$ $\overline{M}$ .
$ds^{2}$ , $p_{j}$ $\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}_{j}}ds^{2}\leq-1$ , CMC-I
, $\mathrm{o}\mathrm{r}\mathrm{d}_{p_{j}}ds^{2}=-1$ . $R^{3}$
$ds^{2}$ , Osserman
, CMC-I $g$ 1
, . , $\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{P}j}ds^{2}<-1$
.
2.6([15]). $H^{3}$ CMC-I Cohn-Vossen
(1.6) :
$\frac{1}{2\pi}\int_{M}(-K)$ $dA>-\chi(M)$ .
, $M$ 1 , TA(f#) $4\pi$
, Osserman :









CMC-I . , ( )
$4\pi$ , .
28(Rossman-Umehara-Yamada [11]). CMC-I $f:Marrow$
$H^{3}$ TA(f#)\leq 4\pi , $f$
:
$\bullet$ Horosphere (TA$(f\#)=\mathrm{T}\mathrm{A}(f)=0$ ).
$\bullet$ Enneper’s cousin ( 22) (TA(f#)=4\pi ).
$\bullet$ Catenoid cousin (ffiJI 2.3 $\delta=\cdot 1$ ) (TA(f#)=4\pi ).
$\bullet$ Warped catenoid cousin ( 24) $\delta=1$ (TA(f#)=4\pi ).
29(Rossman-Umehara-Yamada [12]). CMC-I $f:Marrow$
$H^{3}$ TA(f)\leq 4\pi , $f$
.$\cdot$
$\bullet$ Horosphere (TA(f) $=0$).
$\bullet$ Enneper’s cousin ( 2.2)(TA(f) $=4\pi$ ).
$\bullet$ Catenoid cousin ( 23 $\delta=1$ ) $l<1$ (TA(f) $=$
$4\pi l)$ .
23 $l/\delta<1$ (TA(f) $=4\pi l/\delta$).
$\bullet$ Warped catenoid cousin ( 24) $l=1$ (TA(f)=4\pi ).
, TA(f)\leq 4\pi , CMC-
1 , $\langle$ TA(f)\leq 4\pi ( 29) . ,
Osserman , 26
$\gamma$ $n$ $(\gamma, n)=(0,1),$ $(0,2),$ $(0,3),$ $(1,1)$
. ( , Osserman , $(\gamma, n)=(0,1),$ $(0,2)$
.) , $(0, 3)$ $(1, 1)$ ,
26 .







Catenoid cousin 0 2 CMC-I
, $\chi(M)=0$ . $2\pi l$ , $larrow \mathrm{O}$ 0
, Cohn-Vossen ( 26) .
, 0 3 CMC-I ,
26
$\frac{1}{2\pi}\int_{M}(-K)$ $dA\geq 1$
. , 29 , TA(f)\leq 4\pi , 0 3
. ,
(2.2) $\frac{1}{2\pi}\int_{M}(-K)$ $dA>2$ ( 0 3 )
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